
International Journal of Control, Automation and Systems 16(5) (2018) 2177-2186
http://dx.doi.org/10.1007/s12555-017-0205-0

ISSN:1598-6446 eISSN:2005-4092
http://www.springer.com/12555

Multivariable Adaptive Control of the Rewinding Process of a Roll-to-roll
System Governed by Hyperbolic Partial Differential Equations
Quoc Chi Nguyen*, Mingxu Piao, and Keum-Shik Hong

Abstract: In this paper, an active control scheme for the rewinding process of a roll-to-roll (R2R) system is in-
vestigated. The control objectives are to suppress the transverse vibration of the moving web, to track the desired
velocity profile, and to keep the desired radius value of a rewind roller. The bearing coefficient in the rewind shaft is
unknown and the rotating elements in the drive motor are various. The moving web is modeled as an axially moving
beam system governed by hyperbolic partial differential equations (PDEs). The control scheme utilizes two control
inputs: a control force exerted from a hydraulic actuator equipped with a damper, and a control torque applied to
the rewind roller. Two adaptation laws are derived to estimate the unknown bearing coefficient and the bound of
variations of the rotating elements. The Lyapunov method is employed to prove the robust stability of the rewind
section, specifically the uniform and ultimate boundedness of all of the signals. The effectiveness of the proposed
control schemes was verified by numerical simulations.

Keywords: Adaptive boundary control, axially moving beam, hyperbolic partial differential equation, Lyapunov
method, roll-to-roll system, velocity tracking.

1. INTRODUCTION

There are many industries that use web-material trans-
port systems, for example, paper, textile, metal, polymer,
composite, etc. In these systems, the roll-to-roll (R2R)
processing technique yields a better performance by al-
lowing mass production with high-speed automation [1].
A number of researchers have investigated the dynamics
and control problems of R2R systems, focusing on ten-
sion and velocity controls for web handling [2–15]. How-
ever, most these studies were based on a dynamic model
in the form of ordinary differential equations (ODEs) and
perfect knowledge on the system parameters. Typically,
Pagillar et al. [9] used a decentralized model reference
adaptive control scheme to deal with the radius change of
the unwind/rewind rolls and disturbances for a large-scale
R2R system. Moreover, it is obvious that the mechani-
cal vibration problem of moving webs has not received
in-depth attention, though such vibrations (particularly in
the transverse direction) of the moving web are the main
quality- and productivity-limiting factors, especially for
a high-speed R2R system [16, 17]. Specifically, in the
rewind process, the quality of the wound roll is affected by
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the transverse vibrations and the transport velocity of the
moving web. Thus, motivated from the industry problems,
this paper addresses the issues of the transverse vibration
control and the transport velocity control in the rewinding
process of a high-speed R2R system. By definition, R2R
systems are those that provide continuous axial transports
of flexible materials. They belong to the class of axially
moving systems that are modeled by partial differential
equations (PDEs). It should be noted here that PDE mod-
els can consider transverse vibrations only.

Vibration control schemes for axially moving systems
[16–30], flexible string/beam systems [31–39] and other
systems [40–42] have been extensively investigated in the
literature. Using the Lyapunov energy-based method for
distributedd parameter systems, boundary control laws
have been derived. A boundary control law uses measured
signals of transverse displacement and the time-rate of the
slope of the moving material at the left or right boundary,
whose data are obtainable by the addition of laser sensors
at boundary points. Therefore, insofar as actuators and
sensors can be easily assembled at a boundary, the bound-
ary control method can provide a practical control solution
for axially moving systems. Boundary control can be im-
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plemented in two ways: active control [16–19, 21–26, 28–
30, 33–38] or, with a proper damping mechanism, passive
(i.e., semi-active) control [20, 27].

Adaptive control for axially moving systems [18,20–22,
24,26,28] and flexible beam systems [33,36,37] has been
an interesting issue for many researchers. In these works,
indirect adaptive control schemes have been used. In [18],
estimation laws of actuator mass and tension of flexible
material were developed. Nguyen and Hong [28] pro-
posed a boundary control using adaptation laws for mass
per unit length of a moving string, mass of actuator, vis-
cous damping coefficient, and disturbance. He and Zhang
[37] developed a vibration control algorithm for a flexible
robot under presence of input deadzone, where a neural
network has been employed to compensate the effect of
the input deadzone.

In this paper, we introduce a dynamic model (using
hybrid ODE-PDEs) for the rewinding process of a R2R
system including moving-web and rewind-roll dynamics,
where the moving web is modeled as an axially moving
beam. In comprarison with the model derived in [9], the
proposed dynamic model of the rewinding process pro-
vides more advantages in analyzing the vibrations of the
moving material together with the transport velocity and
in taking into account the variation of the radius of the
rewind roller.

In control design, based on the dynamic models, the
Lyapunov method is employed to derive a boundary con-
trol law for reduction of the transverse vibrations of the
moving web under the following assumption: The trans-
port velocity and the tension are slowly time-varying pa-
rameters in the model. For velocity control of the rewind
roller under the effects of an unknown bearing friction co-
efficient in the rewind shaft and variations of the rotat-
ing elements on the drive motor side, an adaptive control
scheme is proposed. It should be noted that the radius of
the rewinding process also needs to be driven to the de-
sired value. Therefore, an adaptive control scheme for the
rewind roller is designed to regulate the rewind roller in
order to achieve the desired velocity and the desired ra-
dius simultaneously.

The contributions of this paper are as follows: First, vi-
bration suppression of the rewind section of the R2R sys-
tem is considered under the dynamic effects of transport
velocity and time-varying tension. By vibration suppres-
sion, the performance of the rewind process is improved,
especially in the case of high-speed R2R systems wherein
the transport velocity and time-varying tension excite a
large amplitude of the web material [30]. Second, hav-
ing considered the variation of the radius of the rewind
roller in the rewind roller dynamics, a control torque law
is developed for control of the velocity and radius of the
rewind roller under the effects of an unknown bearing fric-
tion coefficient in the rewind shaft and the variations of the
rotating elements on the drive motor side.

2. PROBLEM FORMULATION

Fig. 1 shows a schematic of the rewind section with a
hydraulic actuator for vibration suppression of the moving
web, where t is the time, x is the spatial coordinate along
the longitude of motion, v(t) is the time-varying transport
velocity of the web, w(x, t) is the transverse displacement
of the web, and l is the distance between the fixed rolls
and the touch rolls. The parameters describing the mate-
rial properties of the web are the mass per unit length ρ ,
the cross-section area A, the Young modulus E, the mo-
ment of inertia of the web cross section I, and the viscous
damping coefficient cv. The parameters of the hydraulic
actuator are the mass of the touch rolls ma and the damp-
ing coefficient ca. If we let T (x, t) denote the spatially
varying tension, control force fa(t) is applied to the touch
rolls to suppress the transverse vibrations of the moving
web. For notational convenience, instead of wx(x, t) and
wt(x, t), wx and wt will be used, and similar abbreviations
are employed subsequently.

As shown in Fig. 1(a), the hydraulic actuator is located
near the rewind roller; thus, the distance between the touch
rolls and the rewind roll is very small in comparison to the
distance between the touch rolls and the fixed rolls. There-
fore, it is assumed that the transverse vibrations occur only
in the web span between the fixed rolls and the touch rolls.
Based on this assumption, along the span, the moving web
is modeled as an axially moving beam, where the touch
rolls are considered as the right boundary. The governing
equation and boundary conditions of the system in Fig. 1
are given as follows:

ρA(wtt + v̇wx +2vwxt + v2wxx)

− (Twx)x + cv(wt + vwx)+EIwxxxx = 0, (1)

(a)

(b)

Fig. 1. The schematic of a R2R system: (a) Rewind sec-
tion and (b) rewind roller.
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w(x,0) = w0(x), wt(x,0) = wt0(x), (2)

w(0, t) = 0, wx(l, t) = 0, wxx(l, t) = 0, (3)

mawtt(l, t)+ cawt(l, t)+T (l, t)wx(l, t)

−EIwxxxx(l, t)− fa(t) = 0. (4)

Note that (1) governs the transverse displacement of the
moving web. The initial conditions are given in (2), and
the boundary conditions are given by (3) and (4). Equation
(4) also describes the dynamics of the hydraulic actuator.
In this web span, the tension T (x, t) is assumed to be spa-
tially varying and is given as [23]

T (x, t) = T0 +ρA(l − x)v̇, (5)

where T0 denotes the initial tension applied to the web. In
the control design presented in the next section, the ten-
sion variation will be incorporated. From (5), it is shown
that the spatially varying tension is continuous and uni-
formly bounded for all x ∈ [0, l] and t ∈ [0,∞).

Fig. 1(b) shows the cross-sectional view of the rewind
roller as driven by an electric motor. Let hw be the web
thickness and nw be the web width; then, J and R de-
note the rewind roller’s inertia and radius, respectively.
The bearing friction coefficient in the rewind roll shaft µ f

is assumed to be unknown. The variations of the drive-
motor-side rotating elements, which include the motor ar-
mature, the driving pulley (or gear) and the driving shaft,
among others, are represented as disturbance δ (t), which
is bounded by an unknown positive constant δd . The mo-
tor torque τ(t) is applied to the rewind roll to maintain
its velocity levels and to wind the flexible materials. It is
assumed that the mass of the touch rollers is small. There-
fore, the tension of the web coming into the rewind roller
is T (l, t) = T0.

The time-varying radius of the rewind roller is given as

R(t) = R0 +
hws(t)
2πR(t)

, (6)

where R0 is the radius of the driven shaft, and s(t) is the
length of the wounded materials. From (6), the length of
the flexible material can be obtained as

s(t) =
2π
hw

(R2(t)−R(t)R0). (7)

The dynamics of the radius of the rewind roller is derived
as

Ṙ(t) =
hwv(t)

(2π +1)R−R0
. (8)

The inertia of the rewind roller is given as

J(t) =
1
2
(m0 +ρhwnws(t))R2(t)

=
1
2

m0R2 +πρnwR4 +πρnwR0R3, (9)

where m0 is the mass of the core of the rewind roller. The
velocity dynamics of the rewind roller are given as [7]

J
R

v̇ =−
µ f

R
v+

JṘ
R2 v−2πρnwR2Ṙv−T (l, t)R

+δ (t)+ τ(t). (10)

Thus, using (7) and (8), (10) can be rewritten as

v̇(t) =−
µ f m0

2
R2(t)v(t)+

1
R(t)

hw

(2π +1)R−R0
v2(t)

− 2πρnwhwR2(t)
(2π +1)R−R0

v2(t)

− T0

m0 +2πρnwR2+2πρnwR0R

+
2

m0 +2πρnwR3 +2πρnwR0R2 τ(t)

+
1

m0 +2πρnwR3 +2πρnwR0R2 δ (t). (11)

It is noted that the hybrid ODE-PDE model including (1)-
(4), (8) and (11) represents the rewinding process [29,30].
This dynamic model considers the transverse vibrations,
the time-varying radius, and the time-varying transport ve-
locity.

3. CONTROL DESIGNS

In this section, the control objectives are to suppress the
transverse vibrations of the moving web, to maintain the
required level of the transport velocity, and to drive the
radius of the rewind roller to reach the desired value. To
achieve these objectives, the control scheme includes two
control inputs, which are exerted from the hydraulic ac-
tuator for transverse vibration suppression and from the
drive motor of the rewind roller for transport velocity reg-
ulation and radius control. In the beam model (1), the
transport velocity is assumed to be time-varying and is in-
corporated into the vibration control design. In practice,
it should be noted that not only the value of the transport-
velocity tracking error but also the time to eliminate the
error affects the transverse vibration.

The tracking errors of the transport-velocity and radius
controls are defined, respectively, as

ev = v(t)− vd(t), (12)

eR = R(t)−Rd , (13)

where vd is the desired pattern of the velocity, and Rd is
the desired radius. Subtituting (12)-(13) into (8)-(11), we
obtain the following error dynamics.

ėR =
hw(ev + vd)

(2π +1)(eR +Rd)−R0
, (14)

ėv =−
µ f m0

2
(eR +Rd)

2v− 2πρnwhw(eR +Rd)
2

(2π +1)(eR +Rd)−R0
v2
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+
1

m0 +2πρnw(eR +Rd)2(eR +Rd +R0)
δ (t)

− T0

m0 +2πρnw(eR +Rd)(eR +Rd +R0)

+
2

m0 +2πρnw(eR +Rd)(eR +Rd +R0)
τ(t).

(15)

From (1), it is shown that the transport velocity and its
rate of change can affect the transverse vibrations. This
effect is especially significant in the case where the trans-
port velocity is controlled to track high-slope patterns due
to the high rate of change of the velocity. As shown in (11)
and (15), the variation of the rotating elements in the drive
motor and the variation of the radius of the rewind roller
can disturb the velocity dynamics as well as the velocity
tracking error.

In control design then, the unknown bearing friction co-
efficient µ f and the bound of disturbance δd are estimated.
Let µ̂ f (t) and δ̂d(t) be the estimated values of µ f and δd ,
respectively. The estimation errors µ̃(t) and δ̃d(t), respec-
tively, are defined as follows:

µ̃(t) = µ̂ f (t)−µ f , (16)

δ̃d(t) = δ̂d(t)−δd(t). (17)

Based on the total mechanical energy of the rewinding
process, a Lyapunov function candidate is introduced as
follows.

V (t) = αEbeam(t)+Eact(t)+Vcross(t)+Vrw(t)+Vest(t),
(18)

where the moving web energy, the actuator energy, the
cross term, the tracking error, and the estimate term are
defined individually as follows.

Ebeam(t) =
1
2

∫ l

0
ρ(wt + vwx)

2dx

+
1
2

∫ l

0
(Tw2

x +EIw2
xx)dx, (19)

Eact(t) =
1
2

ma {αwt(l, t)+(v(t)+2β l)wx(l, t)}2 ,

(20)

Vcross(t) = 2β
∫ l

0
xwx(wt + v(t)wx)dx, (21)

Vrw(t) =
1
2
(e2

R + e2
v), (22)

Vest(t) =
1
2
(µ̃2

d + δ̃ 2
d ), (23)

where α and β are positive constants. It should be noted
that Vcross(t) is not positive definite. Consider the follow-
ing function

Vm(t) =V (t)−Eact(t)−Vrw(t)−Vest(t). (24)

It should be noted that if α ≥ 2β l, the following inequali-
ties hold.

α
2

∫ l

0
ρ(wt + vwx)

2dx ≥ β
∫ l

0
ρl(wt + vwx)

2dx

≥ β
∫ l

0
ρx(wt + vwx)

2dx, (25)

α
2

∫ l

0
Tw2

xdx ≥ αTmin

2

∫ l

0
w2

xdx ≥ β
∫ l

0
ρlw2

xdx

≥ β
∫ l

0
ρxw2

xdx. (26)

Then, using the Cauchy-Schwarz inequality, the following
inequalities are obtained.

(α −ψ)Ebeam ≤Vm(t)≤ (α +ψ)Ebeam, (27)

where

ψ = max
{

2β l
Tmin

,2β l
}
. (28)

It can be seen that Vm(t) and consequently V (t) are
positive-definite functions if

α ≥ ψ. (29)

The control input law exerted from the hydraulic actuator
is introduced as follows:

fa(t) =−ma {v̇(t)wx(l, t)+(αv(t)+2β l)wxt(l, t)}

+ cawt(l, t)−
2βAlv(t)

αv(t)+2β l
wt(l, t)ρ. (30)

The control torque applied to the driven shaft of the rewind
roller is given as follows.

τ(t) =
[
m0 +2πρnw(eR +Rd)

2(eR +Rd +R0)
]

×
[

µ̂ f m0

2
(eR +Rd)

2vd

+
1

(eR +Rd)

hw

(2π +1)(eR +Rd)−R0
(ev + vd)

2

× T0

m0 +2πρnw(eR +Rd)(eR +Rd +R0)

+
2πρnwhw(eR +Rd)

2(t)
(2π +1)(eR +Rd)−R0

(ev + vd)
2 − kve2

v

]
−H(ev)δ̂d(t), (31)

where kv is the control gain, and the differentiable signum
function H(ev) is given as follows [31]:

H(ev) = 2
∫ ev
−0.01 u(x+0.01)u(0.01− x)dx∫ 0.01
−0.01 u(x+0.01)u(0.01− x)dx

−1, (32)

where

u(y) =

{
0, if y ≤ 0,

y, if y > 0.
(33)
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This control law includes the estimates µ̂ f (t) and δ̂d(t),
which are given by the following adaptation laws.

µ̇ f (t) =−kµ f (t)−
m0

2
(eR +Rd)

2vdev, (34)

δ̇d =−kδ δd

+
1

M0 +2πρnw(eR +Rd)2(eR +Rd +R0)
, (35)

where kµ and kδ are the adaptation gains.
The control law (33) requires the measurement of the

transverse displacement w(l, t) and the slope of the web
wx(l, t). The transverse displacement w(l, t) can be mea-
sured using a displacement sensor attached to the hy-
draulic actuator; the slope of the web wx(l, t), meanwhile,
can be obtained using a laser sensor at the right boundary
[21–25]. The backward differencing of such signals can
provide wt(l, t) and wxt(l, t).

The control law (31) can be implemented with the mea-
surements of the radius of the rewind roller and the trans-
port velocity, which can be measured by using a laser
sensor and an encoder attached to the motor driving the
rewind roller.

Lemma 1 [29]: Given u(x, t) : [0, l] × R+ → R, if
u(0, t) = 0,

u2(x, t)≤ l
∫ l

0
u2

x(x, t)dx, (36)∫ l

0
u2(x, t)dx ≤ l2

∫ l

0
u2

x(x, t)dx. (37)

Property 1: If the energy of the axially moving beam
Ebeam is bounded, then wxt is bounded [39].

Theorem 1: Consider the rewinding system repre-
sented by (1)-(4), (8) and (11). Then, the control laws
(30) and (31) using adaptation laws (34) and (35) guar-
antee the robust stability of the closed-loop system in the
sense that all signals i.e., the transverse vibration, tracking
errors, and estimation errors) are uniformly and ultimately
bounded.

Proof: The time derivative of the Lyapunov function
candidate (18) results in

V̇ (t)≤−β
{

cvl +ρAv− α
β

v−ρA
}∫ l

0
(wt + vwx)

2dx

− αT̂
2maxx∈[0,l] {T}

∫ l

0
Tw2

xdx− α EI
2

∫ l

0
w2

xxdx

+ eRėR + evėv + µ̃(t )̇̃µ(t)+ δ̃ḋ̃δd , (38)

where

T̂ =
2β minx∈[0,l] {T}

α
−
(

2β l
α

− v(t)
)

max
x∈[0,l]

{Tx}

− max
x∈[0,l]

{Tt}−
2β (cvl +ρAv(t))

α
. (39)

Then, employing the error dynamics (14), (38) can be
rewritten as follows:

V̇ (t)

≤−β {cvl +ρAv−αv/β −ρA}
∫ l

0
(wt + vwx)

2dx

− αT̂
2maxx∈[0,l] {T}

∫ l

0
Tw2

xdx− αEI
2

∫ l

0
w2

xxdx

+
hwev

(eR +Rd) [(2π +1)(eR +Rd)−R0]
(ev + vd)

2

− 2πρnwhw(eR +Rd)
2(t)

(2π +1)(eR +Rd)−R0
ev(ev + vd)

2

+ eRhw(ev + vd)/ [(2π +1)(eR +Rd)−R0]

−T0ev/ [m0 +2πρnw(eR +Rd)(eR +Rd +R0)]

+ [m0 +2πρnw(eR +Rd)
2(eR +Rd +R0)]evδ (t)

+ [m0 +2πρnw(eR +Rd)
2(eR +Rd +R0)]evτ(t)

−µ f m0(eR +Rd)
2(e2

v + vdev)/2

+ δ̃ḋ̂δd(t)+ µ̃(t )̇̃µ(t). (40)

It is noted that eR < 0 and ėR > 0 since the radius of the
rewind roller is always increased. Using (14), we obtain
the following inequality.

ev + vd > 0. (41)

And using eR > 0, we obtain the following result.

hw(ev + vd)eR

[(2π +1)(eR +Rd)−R0]

≤− hw min{vd}e2
R

[(2π +1)(eR +Rd)−R0]Rd
. (42)

Since the value of T0 is sufficiently large, there exist α and
β such that the following inequalities hold for all x ∈ [0, l].

β
α

<
cv

ρA+ cvl +ρAvmin
, (43)

2β l < α < Avmin, (44)

vmax <
√

T0/ρA, (45)

2β minx∈[0,l] {T}
α

−
(

2β l
α

− vmin

)
max
x∈[0,l]

{Tx}

− max
x∈[0,l]

{Tt}−
2β (cvl +ρAvmax)

α
> 0,

(46)

where the transport velocity is assumed to be bounded,
vmin < v(t) < vmax, and where the constants vmin and vmax

are a priori known.
Using the control torque (31) and inequalities (41)-(46),

(40) is rewritten as follows:

V̇ (t)≤−λ {Ebeam(t)+Eact(t)}
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− e2
R

hw min{vd}
[(2π +1)(eR +Rd)−R0]Rd

−
µ f m0

2
(eR +Rd)

2e2
v − kve2

v

+ µ̃(t)
(̇̂

µ f (t)+
m0

2
(eR +Rd)

2vdev

)
+ δ̃d(t)

(̇̂
δd(t)

− 1
m0 +2πρnw(eR +Rd)2(eR +Rd +R0)

|ev|
)
,

(47)

where

λ =min
{

cv −
β
α
(ρA+ cvl +ρAvmin),

T̂
maxx∈[0,l] {T}

,
2β (lT0 −ρAlvmax)

ma(αvmax)

}
. (48)

With the adaptation laws (34)-(35),

V̇ (t)≤−
{

hw min{vd}
[(2π +1)(eR +Rd)−R0]Rd

}
e2

R

− kve2
v −

kδ

2
δ̃ 2

d +
kδ

2
δ 2

d −
kµ

2
µ̃2

f +
kµ

2
µ2

f

≤− γV (t)+
kδ

2
δ 2

d +
kµ

2
µ2

f (49)

is obtained, where

γ = min
{

λ ,
hw min{vd}

[(2π +1)(eR +Rd)−R0]Rd
,kv,kδ ,kµ

}
.

(50)

Now, a new variable is defined as follows:

ω(t) = V̇ (t)− γV (t)− ε(t), (51)

where

ε(t) =
kδ

2
δ 2

d +
kµ

2
µ2

f . (52)

From (49)-(50), it follows that ω(t) ≤ 0. Solving (49)
yields

V (t) =V (0)e−γt +
∫ t

0
e−γ(t−τ)(ω(τ)+ ε)dτ

≤V (0)e−γt +
ε
λ
(1− e−γt)≤V (0)+

ε
γ
. (53)

Equation (53) implies that

V (t)≤V (0)e−γt +
ε
γ
(1− e−γt)→ ε

γ
(54)

as t →+∞. Using Lemma 1 and Property 1, we obtain

Tmin

2l
w2(x, t)≤ 1

2
Tmin

∫ l

0
w2

x(x, t)dx

≤ Vm(t)
α −ψ

≤ V (t)
α −ψ

. (55)

Therefore, we know that w(x, t) is bounded. From (53) to
(55), it is concluded that V (t) is uniformly and ultimately
bounded. □

Theorem 1 shows that V (t) can be pushed to an arbi-
trarily small ball of radius ε/γ by setting small gains kv,
kδ , and kµ and/or a sufficiently large λ . From (54), it
is also concluded that wx(x, t) and wt(x, t) are bounded.
Moreover, the beam energy Ebeam is also bounded, and us-
ing Property 1, the boundedness of wxt(x, t) is obtained.
Therefore, from (30) and (31), the control force fa(t) is
bounded. Meanwhile, the boundedness of V (t) also im-
plies the boundedness of µ̂(t) and δ̂d(t), and consequently
the boundedness of τ(t) too.

From Theorem 1, if the bearing friction µ f (t) is known,
and the disturbance δ (t) is ignored, the estimation pro-
cess becomes unnecessary. In this case, the inequality
V (t) ≤ V (0)e−γt can be obtained. This implies that the
exponential stability of the closed-loop system is achieved
with control laws (30) and (31).

4. NUMERICAL SIMULATIONS

Numerical simulations were carried out to analyse the
dyanamic responses of the rewind section. The finite dif-
ference method was employed to find an approximate so-
lution for the PDE with the initial and boundary condi-
tions given by (1)-(4). The convergence scheme was based
on the central (for the beam span) and forward/backward
(for the left/right boundary) difference methods. The sys-
tem parameters are given in Table 1. Let the initial con-
ditions of the web in the controlled span be w(x,0) =
0.5sin(πx/l) and wt(x,0) = 0. The positive values α and
β are chosen according to the inequalities (29), (41)-(44)
as follows: α = 15 and β = 1.5. The control gain kv = 1.5.
The adaptation gain kµ and k|delta in (32)-(33) are se-
lected as kµ = 3 and kδ = 1.5.

To illustrate the effectiveness of the proposed control
scheme (30)-(35), two control schemes for the rewind sec-
tion were considered: (i) the proposed control scheme
(30)-(35) and (ii) the following control scheme

fa(t) = 0, (56)

τ(t) =−kvv(t)−T (l, t)R2 −µ f vd + v̇d . (57)

It should be noted that the control scheme (56)-(57) was
introduced without consideration of the effects of distur-
bances δ (t) and unknown bearing friction µ f , where vi-
bration control was not focused, i.e., the boundary control
force fa(t) = 0. The torque control τ(t) was designed only
to drive the moving web to the desired velocity. Since the
radius of the rewind roller R was not controlled in this
case, it can be assumed that R is a constant, and conse-
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Table 1. Parameters of the rewind system.

Parameter Value
ρ 0.7 kg/m
A 0.0007 m2

I 0.34×10−6 m4

E 1.8×103 N/m2

hw 0.7×10−3 m
nw 1 m
l 6 m
cv 0.001 N·m2s
ma 1 kg
ca 0.25 N·s/m
µ f 2.25 N·m·s
J 2.1542 kg/m2

R 0.2 m
T0 100 N

δ (t) 0.5sin(20πt) N

quently the exponential convergence of the velocity can
be achieved as ev(t) = ev(0)e−(kv+µ f ).

As shown in Fig. 2, the transport velocity in the case of
no vibration control (dashed line) converged to the desired
velocity faster than in the case of vibration control (solid
line), where the desired transport velocity was a typical
velocity profile (dotted line) widely used in the industry.
The settling time in the case of no vibration control was
1.5 seconds (with kv = 40), whereas it was 2 seconds in
the case of vibration control. This can be explained as fol-
lows. A large control gain kv in the control torque law (54)
can be set in the case of no vibration control; meanwhile,
in the case of vibration control, as shown in (50), the co-
efficient of convergence γ cannot become equal to a large
value of control gain kv in control torque law (31).

In the case of no vibration control, the transverse vibra-
tion was suppressed by a viscous damping force. How-
ever, the time for suppression was too long, i.e., it took
more than 20 seconds, as shown in Fig. 3. This result indi-
cates that vibrations of the moving web must be controlled
by an active control scheme.

The result in the case of vibration control using the con-
trol scheme (30)-(35) is shown in Fig. 4. It is obvious
that good performance has been obtained. The times re-
quired for vibration suppression in the acceleration, con-
stant speed, and deceleration periods of the velocity pro-
file were less than two seconds. Vibration occurring dur-
ing the transition between the acceleration and constant
speed periods was suppressed within one second. This
also happened at the transition between the constant speed
and deceleration periods. It was shown that the amplitude
of the vibration in the case of no vibration control was
considerably larger than that in the case of vibration con-
trol.

Fig. 2. Comparison of transport velocity tracking in the
cases of no vibration control (dashed line) and vi-
bration control (solid line).

Fig. 3. Transverse displacement of the web at x = l/2 in
the case of no vibration control.

Fig. 5 shows that the radius approaches the desired ra-
dius. In Figs. 6 and 7, the convergences of the unknown
bearing friction coefficient and the bound of the distur-
bance to constant values are demonstrated, but they are
not true values. However, this issue is not the focus of this
paper.

5. CONCLUSIONS

In this paper, an active control scheme was developed
for the rewind section in an R2R system. The control
scheme was able to suppress the transverse vibration of
the moving web, to maintain the transport velocity, and to
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Fig. 4. Transverse displacement of the web at x = l/2 in
the case of vibration control.

Fig. 5. Radius of the rewind roller.

drive the radius of the rewind roller to its desired value.
The dynamic effects of the time-varying tension were in-
corporated into the control design. Adaptation laws were
derived to cope with the unknown bearing friction coef-
ficient and the unknown disturbance resulting from the
variations of the rotating elements on the drive motor side.
The Lyapunov energy-based method was used to prove the
robust stability of the rewind section in the sense that all
of the signals were uniformly and ultimately bounded. In
the next stage of this research, the proposed control algo-
rithm will be tested in an industry control system in order
to verify the effectiveness of the control method in the in-
dustry.

Fig. 6. Convergence of the bearing coefficient µ̂ f .

Fig. 7. Convergence of the bound of the disturbance δ̂d(t).
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